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APPROXIMATE CHARACTERIZATIONS OF PROJECTIVITY
AND INJECTIVITY FOR BANACH MODULES
A. YU. PIRKOVSKII
Abstract. We characterize projective and injective Banach modules in
approximate terms, generalizing thereby a characterization of contractible
Banach algebras given by F. Ghahramani and R. J. Loy. As a corollary,
we show that each uniformly approximately amenable Banach algebra is
amenable. Some applications to homological dimensions of Banach modules
and algebras are also given.
In [3], F. Ghahramani and R. J. Loy introduced several “approximate” gen-
eralizations of amenability and contractibility for Banach algebras. Among
other things, they defined uniformly approximately contractible and uniformly
approximately amenable Banach algebras and proved that a uniformly approxi-
mately contractible algebra is in fact contractible. In this note we extend their
approach to the setting of Banach modules by showing that projective and
injective Banach modules can be characterized in approximate terms. As a
corollary, we obtain approximate characterizations of biprojective, biflat and
amenable Banach algebras. In particular, we prove that a uniformly approxi-
mately amenable algebra is automatically amenable, and we obtain an alter-
native proof of the above-mentioned result of F. Ghahramani and R. J. Loy
concerning uniform approximate contractibility.
1. Preliminaries
We begin by recalling some notation and some basic facts from the homology
theory of Banach algebras. For details, we refer to [5, 6, 2].
Let A be a Banach algebra. We denote by A-mod (respectively, mod-A,
A-mod-A) the category of left Banach A-modules (respectively, right Banach
A-modules, Banach A-bimodules). For X, Y in any of the above categories,
the space of morphisms from X to Y is denoted by Ah(X, Y ) (respectively,
hA(X, Y ), AhA(X, Y )). The space of bounded linear operators between Ba-
nach spaces X and Y is denoted by B(X, Y ). If A is unital, then A-unmod,
unmod-A, and A-unmod-A stand for the corresponding categories of unital Ba-
nach A-modules. The unitization of A is denoted by A+. Recall that A-mod-A
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is isomorphic to Ae-unmod, where Ae = A+ ⊗̂A
op
+ is the enveloping algebra of
A.
A chain complex X• in A-mod is admissible if it splits in the category of
Banach spaces. A morphism κ (respectively, σ) in A-mod is an admissible
monomorphism (respectively, an admissible epimorphism) if it fits into a short
admissible sequence 0 → X
κ
−→ Y
σ
−→ Z → 0. A left Banach A-module P is
projective if for each admissible epimorphism X → Y in A-mod the induced
map Ah(P,X) → Ah(P, Y ) is onto. Dually, a left Banach A-module I is
injective if for each admissible monomorphism Y → X in A-mod the induced
map Ah(X, I) → Ah(Y, I) is onto. A left Banach A-module F is flat if for
each admissible monomorphism Y → X in mod-A the operator Y ⊗̂A F →
X ⊗̂A F is topologically injective (i.e., bounded below). Equivalently, F is flat
if and only if the dual module, F ∗, is injective in mod-A. The Banach algebra
A is biprojective (respectively, biflat) if A is projective (respectively, flat) in
A-mod-A.
An important fact is that the category A-mod has enough projectives and
enough injectives. This means that for each X ∈ A-mod there exists a projec-
tive module P ∈ A-mod (respectively, an injective module I ∈ A-mod) and an
admissible epimorphism P → X (respectively, an admissible monomorphism
X → I). The same is true of the categories mod-A, A-mod-A etc.
A projective resolution of X ∈ A-mod is a chain complex P• = (Pn, dn)n≥0 in
A-mod consisting of projective modules together with a morphism ε : P0 → X
such that the augmented sequence P•
ε
−→ X → 0 is an admissible complex.
By reversing arrows, we obtain the definition of an injective resolution of
X ∈ A-mod. Since A-mod has enough projectives and enough injectives, it
follows that each X ∈ A-mod has a projective resolution and an injective res-
olution. For X, Y ∈ A-mod, the space ExtnA(X, Y ) is defined to be the nth
cohomology of the complex Ah(P•, Y ), where P• is a projective resolution of
X. Equivalently, ExtnA(X, Y ) is the nth cohomology of the complex Ah(X, I
•),
where I• is an injective resolution of Y . Note that ExtnA(X, Y ) is a seminormed
space in a canonical way. Recall that X ∈ A-mod is projective (respectively,
injective) if and only if Ext1A(X, Y ) = 0 (respectively, Ext
1
A(Y,X) = 0) for
all Y ∈ A-mod. For each X ∈ A-mod and each Y ∈ mod-A, there is a
natural topological isomorphism between ExtnA(X, Y
∗) and ExtnAop(Y,X
∗). If
X ∈ A-mod-A, then ExtnAe(A+, X) is topologically isomorphic to H
n(A,X),
the nth continuous Hochschild cohomology group of A with coefficients in X.
We shall use the following explicit description of the space Ext1A(X, Y ) (see
[6, 7.3.19]). Let A be a Banach algebra and let X, Y ∈ A-mod. Denote by
Z1(A×X, Y ) the Banach space of all continuous bilinear maps f : A×X → Y
satisfying
a · f(b, x)− f(ab, x) + f(a, b · x) = 0 (a, b ∈ A, x ∈ X).
Define δ0 : B(X, Y )→ Z1(A×X, Y ) by
(δ0T )(a, x) = a · T (x)− T (a · x) (a ∈ A, x ∈ X).
Then we have
Ext1A(X, Y ) = Z
1(A×X, Y )/ Im δ0. (1)
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A Banach algebra A is contractible [6] (respectively, amenable [7]) if for each
Banach A-bimodule X every continuous derivation from A to X (respectively,
to X∗) is inner. Equivalently, A is contractible (respectively, amenable) if and
only if A+ is biprojective (respectively, biflat).
Given Banach spaces X1, . . . , Xn, Y , we denote by B
n(X1 × · · · × Xn, Y )
the Banach space of n-linear continuous maps from X1 × · · · ×Xn to Y . The
canonical embedding of a Banach space X into X∗∗ will be denoted by iX .
2. Projective and injective Banach modules
The following lemma is a version of [10, Lemme 1] (see also [5, 0.5.9]).
Lemma 2.1. Let 0 → X• → Y • → Z• → 0 be a short exact sequence of
cochain complexes of Banach spaces. Suppose that some map f belonging to
the long exact cohomology sequence
· · · → Hn(X•)→ Hn(Y •)→ Hn(Z•)→ Hn+1(X•)→ · · ·
is surjective. Then f is open.
For a proof, see [9, Lemma 1.2].
Lemma 2.2. Let
0→ X
κ
−→ Y
σ
−→ Z → 0 (2)
be an admissible sequence in A-mod. Suppose that the topology on Ext1A(Z,X)
is trivial, and that either Ext1A(Y,X) = 0 or Ext
1
A(Z, Y ) = 0. Then (2) splits
in A-mod.
Proof. First suppose that Ext1A(Y,X) = 0. Applying the functor Ah( · , X) to
(2), we obtain an exact sequence
0→ Ah(Z,X)→ Ah(Y,X)
κ∗
−→ Ah(X,X)
δ
−→ Ext1A(Z,X)→ 0.
By Lemma 2.1, δ is open. Therefore the triviality of the topology on Ext1A(Z,X)
means exactly that κ∗ has dense range. Since the set of invertible elements in
Ah(X,X) is open, there exists ϕ ∈ Ah(Y,X) such that κ
∗(ϕ) = ϕκ is invert-
ible in Ah(X,X). Therefore (ϕκ)
−1ϕ : Y → X is a left inverse of κ, and so
(2) splits in A-mod.
Now suppose that Ext1A(Z, Y ) = 0. The same argument as above applied to
the exact sequence
0→ Ah(Z,X)→ Ah(Z, Y )
σ∗−→ Ah(Z,Z)→ Ext
1
A(Z,X)→ 0
yields ϕ ∈ Ah(Z, Y ) such that σ∗(ϕ) = σϕ is invertible in Ah(Z,Z). Therefore
ϕ(σϕ)−1 : Z → Y is a right inverse of σ, and so (2) splits in A-mod. 
Proposition 2.3. Let A be a Banach algebra and let X ∈ A-mod.
(i) Suppose that the topology on Ext1A(X, Y ) is trivial for each Y ∈ A-mod.
Then X is projective.
(ii) Suppose that the topology on Ext1A(Y,X) is trivial for each Y ∈ A-mod.
Then X is injective.
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Proof. (i) Take an admissible sequence
0→ Y → P → X → 0 (3)
with P projective. Clearly, (3) satisfies the conditions of Lemma 2.2. Therefore
(3) splits in A-mod, and so X is projective.
(ii) Take an admissible sequence
0→ X → I → Y → 0 (4)
with I injective. Then the same argument as above shows that (4) splits in
A-mod, and so X is injective. 
Remark 2.1. If A is unital, then there are obvious analogues of Lemma 2.2 and
Proposition 2.3 for the category A-unmod.
Let A be a Banach algebra and X a Banach A-bimodule. Given x ∈ X,
denote by adx the inner derivation A → X, a 7→ [a, x]. By definition [3], A
is uniformly approximately contractible (respectively, uniformly approximately
amenable) if for each Banach A-bimodule X and each continuous derivation
D : A → X (respectively, D : A → X∗) there exists a net {xν} in X (respec-
tively, in X∗) such that D = limν adxν in the norm topology. Equivalently, A
is uniformly approximately contractible (respectively, uniformly approximately
amenable) if for each Banach A-bimodule X the topology on H 1(A,X) (re-
spectively, on H 1(A,X∗)) is trivial.
Part (i) of the following corollary is due to F. Ghahramani and R. J. Loy [3].
Corollary 2.4. Let A be a Banach algebra.
(i) Suppose that A is uniformly approximately contractible. Then A is con-
tractible.
(ii) Suppose that A is uniformly approximately amenable. Then A is amenable.
Proof. (i) Since H 1(A,X) ∼= Ext1Ae(A+, X), Proposition 2.3 (i) (cf. also Re-
mark 2.1) implies that A+ is projective in A-mod-A, i.e., that A is contractible.
(ii) Since H 1(A,X∗) ∼= Ext1Ae(A+, X
∗) ∼= Ext1Ae(X,A
∗
+), Proposition 2.3
(ii) implies that A∗+ is injective in A-mod-A, i.e., that A+ is flat in A-mod-A,
i.e., that A is amenable. 
Remark 2.2. An alternative proof of part (ii) of Corollary 2.4 (avoiding injec-
tive modules and Ext-spaces) was recently given in [4].
In order to characterize projective and injective Banach modules in approx-
imate terms, it will be convenient to give the following definition.
Definition 2.1. Let A be a Banach algebra, and letX, Y ∈ A-mod. A uniform
approximate morphism from X to Y is a net {ϕν} in B(X, Y ) such that ϕν(a ·
x)− a · ϕν(x)→ 0 uniformly on bounded subsets of A and X.
Similarly one defines uniform approximate morphisms of right Banach A-
modules. If X, Y ∈ A-mod-A, we say that a net {ϕν} in B(X, Y ) is a uniform
approximate A-bimodule morphism if it is a uniform approximate morphism of
left and right Banach A-modules.
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Lemma 2.5. (i) Let X, Y ∈ A-mod-A. A net {ϕν} in B(X, Y ) is a uniform
approximate A-bimodule morphism if and only if it is a uniform approximate
left Ae-module morphism.
(ii) Let X, Y ∈ A-mod. A net {ϕν} in B(X, Y ) is a uniform approximate
morphism if and only if {ϕ∗ν} is a uniform approximate morphism from Y
∗ to
X∗.
(iii) If X, Y ∈ A-mod and {ϕν} is a uniform approximate morphism from
X to Y , then for each pair of morphisms ψ ∈ Ah(Y, Z) and τ ∈ Ah(W,X) the
net {ψϕντ} is a uniform approximate morphism from W to Z.
Proof. (i) The “if” part is clear. Conversely, let {ϕν} be a uniform approximate
A-bimodule morphism. For each ν define a trilinear map Φν ∈ B
3(A+ ×X ×
A+, Y ) by
Φν(a, x, b) = ϕν(a · x · b)− a · ϕν(x) · b.
Then we have
‖Φν(a, x, b)‖ ≤ ‖ϕν(a · x · b)− a · ϕν(x · b)‖ + ‖a‖‖ϕν(x · b)− ϕν(x) · b‖,
and so Φν → 0 in B
3(A+×X×A+, Y ). Now it remains to apply the canonical
isometric isomorphism B3(A+ ×X × A+, Y ) ∼= B
2(Ae ×X, Y ).
(ii) For each a ∈ A, let La : X → X (respectively, Ra : X
∗ → X∗) denote
the left (respectively, right) multiplication by a. Since Ra = L
∗
a, we have
‖Laϕν − ϕνLa‖ = ‖ϕ
∗
νRa −Raϕ
∗
ν‖. (5)
On the other hand, {ϕν} (respectively, {ϕ
∗
ν}) is a uniform approximate mor-
phism if and only if the left-hand side (respectively, the right-hand side) of (5)
converges to 0 uniformly on bounded subsets of A. This proves (ii).
(iii) This is a direct computation. 
Theorem 2.6. Let A be a Banach algebra. The following properties of P ∈
A-mod are equivalent:
(i) P is projective.
(ii) The topology on Ext1A(P,X) is trivial for each X ∈ A-mod.
(iii) For each diagram
P
ϕ

X
σ
// Y // 0
(6)
in A-mod with σ an admissible epimorphism, there exists a net {ϕν}
in Ah(P,X) such that σϕν → ϕ in the norm topology. Equivalently,
for each admissible epimorphism X → Y in A-mod the induced map
Ah(P,X)→ Ah(P, Y ) has dense range.
(iv) For each diagram (6) in A-mod with σ an admissible epimorphism,
there exists a uniform approximate morphism {ψν} in B(P,X) such
that σψν = ϕ for all ν.
(v) For each diagram (6) in A-mod with σ an admissible epimorphism,
there exists a uniform approximate morphism {ψν} in B(P,X) such
that σψν → ϕ in the norm topology.
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(vi) There exists a projective module F ∈ A-mod, an admissible epimor-
phism pi : F → P and a uniform approximate morphism {ρν} in B(P, F )
such that piρν → 1P in the norm topology.
(vii) For each X ∈ A-mod and each f ∈ Z1(A × P,X), there exists a net
{Tν} in B(P,X) such that δ
0Tν → f in the norm topology.
Proof. (i)⇐⇒ (ii). This follows from Proposition 2.3 (i).
(ii)⇐⇒ (vii). This follows from (1).
(i)=⇒(iii). This is clear.
(iii)=⇒(iv). Given diagram (6), find a net {ϕν} in Ah(P,X) satisfying (iii).
Let ρ ∈ B(Y,X) be a right inverse of σ. For each ν, set ψν = ϕν+ρ(ϕ−σϕν).
Then it is clear that σψν = ϕ for all ν, and
‖ψν(a · x)− a · ψν(x)‖ ≤ 2‖ρ‖‖ϕ− σϕν‖‖a‖‖x‖ → 0
uniformly on bounded subsets of A and X. Therefore the net {ψν} satisfies
(iv), as required.
(iv)=⇒(v)=⇒(vi). This is clear.
(vi)=⇒(v). Using the projectivity of F , we can complete each diagram of
the form (6) to a commutative diagram
F
π
//
τ




P
ϕ

X
σ
// Y
in A-mod. Applying Lemma 2.5, we see that the net ψν = τρν satisfies (v).
(v)=⇒(vii). Given f ∈ Z1(A × P,X), define P ×f X ∈ A-mod as follows.
As a Banach space, P ×f X coincides with P ×X. For each a ∈ A and each
(p, x) ∈ P ×f X, set
a · (p, x) = (a · p, a · x− f(a, p)).
Then it is easy to check (cf. [6, 7.2.38], [5, I.1.9]) that P ×f X is a left Banach
A-module.
Clearly, the map
pi1 : P ×f X → P, pi1(p, x) = p (p ∈ P, x ∈ X)
is an admissible epimorphism. Hence there exists a uniform approximate mor-
phism {ψν} in B(P, P ×f X) such that pi1ψν → 1P in the norm topology. Set
Sν = pi1ψν and Tν = pi2ψν , where pi2 : P ×f X → X is the projection onto the
second direct summand. We have
a ·ψν(x)−ψν(a ·x) =
(
a ·Sν(x), a ·Tν(x)− f(a, Sν(x))
)
−
(
Sν(a · x), Tν(a ·x)
)
.
Therefore
(δ0Tν − f)(a, x) = pi2
(
a · ψν(x)− ψν(a · x)
)
+ f(a, Sν(x)− x). (7)
Since a · ψν(x)− ψν(a · x)→ 0 uniformly on bounded subsets of A and X and
Sν(x) = (pi1ψν)(x) → x uniformly on bounded subsets of X, it follows from
(7) that δ0Tν → f in the norm topology, as required. 
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Remark 2.3. By replacing in (v) and in Definition 2.1 the norm convergence
with the uniform convergence on compact sets, we obtain the definition of
approximately projective Banach module introduced by O. Yu. Aristov [1]. For
approximately projective modules, the equivalences analogous to (iv) ⇐⇒
(v) ⇐⇒ (vi) ⇐⇒ (vii) are also valid (see [1, 6.2]).
Theorem 2.7. Let A be a Banach algebra. The following properties of I ∈
A-mod are equivalent:
(i) I is injective.
(ii) The topology on Ext1A(X, I) is trivial for each X ∈ A-mod.
(iii) For each diagram
0 // Y
κ
//
ϕ

X
I
(8)
in A-mod with κ an admissible monomorphism, there exists a net {ϕν}
in Ah(X, I) such that ϕνκ → ϕ in the norm topology. Equivalently, for
each admissible monomorphism Y → X in A-mod the induced map
Ah(X, I)→ Ah(Y, I) has dense range.
(iv) For each diagram (8) in A-mod with κ an admissible monomorphism,
there exists a uniform approximate morphism {ψν} in B(X, I) such
that ψνκ = ϕ for all ν.
(v) For each diagram (8) in A-mod with κ an admissible monomorphism,
there exists a uniform approximate morphism {ψν} in B(X, I) such
that ψνκ → ϕ in the norm topology.
(vi) There exists an injective module J ∈ A-mod, an admissible monomor-
phism µ : I → J and a uniform approximate morphism {ρν} in B(J, I)
such that ρνµ→ 1I in the norm topology.
(vii) For each X ∈ A-mod and each f ∈ Z1(A × X, I), there exists a net
{Tν} in B(X, I) such that δ
0Tν → f in the norm topology.
The proof of Theorem 2.7 is similar to that of Theorem 2.6 and is therefore
omitted.
Corollary 2.8. Let A be a Banach algebra. For X ∈ A-mod, the following
conditions are equivalent:
(i) X is flat;
(ii) for each admissible monomorphism κ : Y → Z in mod-A the map
(κ ⊗ 1X)
∗∗ : (Y ⊗̂
A
X)∗∗ → (Z ⊗̂
A
X)∗∗
is injective.
Proof. (i) =⇒ (ii). If X is flat, then κ ⊗ 1X is topologically injective, and
hence so is (κ ⊗ 1X)
∗∗.
(ii) =⇒ (i). By the adjoint associativity formula [5, II.5.21], the dual map
(κ ⊗ 1X)
∗ is identified with
hA(κ, X
∗) : hA(Z,X
∗)→ hA(Y,X
∗), ψ 7→ ψκ.
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Since (κ⊗1X)
∗∗ is injective, we see that hA(κ, X
∗) has dense range. Since this
holds for each admissible monomorphism κ, Theorem 2.7 (iii) implies that X∗
is injective in mod-A, i.e., that X is flat in A-mod. 
3. Biprojective, biflat and amenable algebras
Let A be a Banach algebra, and let pi : A ⊗̂A→ A denote the product map.
Recall that A is biprojective (respectively, biflat) if and only if there exists a
morphism ρ : A → A ⊗̂A (respectively, ρ : (A ⊗̂A)∗ → A∗) in A-mod-A such
that piρ = 1A (respectively, ρpi
∗ = 1A∗); see [5, IV.5.6 and VII.2.7] or [2, 2.8.41].
In this section we give approximate versions of these characterizations.
Corollary 3.1. Let A be a Banach algebra. The following conditions are
equivalent:
(i) A is biprojective.
(ii) There exists a uniform approximate A-bimodule morphism {ρν} from A
to A ⊗̂A such that piρν → 1A in the norm topology.
Proof. (i)=⇒(ii). This is clear.
(ii)=⇒(i). For each ν, denote by ρℓν the composition of ρ with the canonical
embedding of A ⊗̂A into A+ ⊗̂A. Let pi
ℓ : A+ ⊗̂A → A denote the product
map extending pi. Then it is clear that piℓ is an admissible epimorphism, that
piℓρℓν → 1A in the norm topology, and that {ρ
ℓ
ν} is a uniform approximate mor-
phism from A to A+ ⊗̂A. Since A+ ⊗̂A is projective in A-mod, Theorem 2.6
(vi) implies that so is A. Therefore A ⊗̂A+ is projective in A-mod-A. Now a
similar argument applied to the product map pir : A ⊗̂A+ → A shows that A
is projective in A-mod-A. 
Remark 3.1. Weakened forms of condition (ii) were used by Y. Zhang [11] and
O. Yu. Aristov [1] to define various “approximate” versions of biprojectivity.
Corollary 3.2. Let A be a Banach algebra. The following conditions are
equivalent:
(i) A is biflat.
(ii) There exists a uniform approximate A-bimodule morphism {ρν} from
(A ⊗̂A)∗ to A∗ such that ρνpi
∗ → 1A∗ in the norm topology.
(iii) There exists a uniform approximate A-bimodule morphism {µν} from
A to (A ⊗̂A)∗∗ such that pi∗∗µν → iA in the norm topology.
Proof. (i)⇐⇒ (ii). The proof is dual to that of Corollary 3.1; cf. [5, VII.2.7]
(ii)=⇒(iii). Given ρν , set µν = ρ
∗
νiA. By Lemma 2.5, {µν} is a uniform
approximate A-bimodule morphism. We have
pi∗∗µν = pi
∗∗ρ∗νiA = (ρνpi
∗)∗iA → iA,
as required.
(iii)=⇒(ii). Given µν , set ρν = µ
∗
νi(A ⊗̂A)∗ . By Lemma 2.5, {ρν} is a uniform
approximate A-bimodule morphism. We have
ρνpi
∗ = µ∗νi(A ⊗̂A)∗pi
∗ = µ∗νpi
∗∗∗iA∗ = (pi
∗∗µν)
∗iA∗ → i
∗
AiA∗ = 1A∗ ,
as required. 
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Recall that a Banach algebra A is amenable if and only if there exists an
element M ∈ (A+ ⊗̂A+)
∗∗ (called a virtual diagonal for A+) such that a ·M =
M · a for all a ∈ A+ and pi
∗∗
+ (M) = iA+(1+), where pi+ : A+ ⊗̂A+ → A+ is the
product map and 1+ is the identity of A+ (see [8, 1.3] or [5, VII.2.25]). The
following corollary shows that a virtual diagonal can be replaced by a “uniform
approximate virtual diagonal”.
Corollary 3.3. Let A be a Banach algebra. The following conditions are
equivalent:
(i) A is amenable.
(ii) There exists a net {Mν} in (A+ ⊗̂A+)
∗∗ such that pi∗∗+ (Mν) → iA+(1+)
and a ·Mν −Mν · a→ 0 uniformly on bounded subsets of A+.
Proof. (i)=⇒(ii). This is clear.
(ii)=⇒(i). Define µν : A+ → (A+ ⊗̂A+)
∗∗ by µν(a) = Mν · a. Obviously, µν
is a right A+-module morphism. On the other hand,
µν(ab)− a · µν(b) = (Mν · a− a ·Mν) · b→ 0
uniformly on bounded subsets of A+, so that {µν} is a uniform approximate
A+-bimodule morphism. Finally,
pi∗∗+ µν(a) = pi
∗∗
+ (Mν · a) = pi
∗∗
+ (Mν) · a→ iA+(1+) · a = iA+(a)
uniformly on bounded subsets of A+, i.e., pi
∗∗
+ µν → iA+ in the norm topology.
Now Corollary 3.2 shows that A+ is biflat, i.e., that A is amenable. 
Remark 3.2. According to F. Ghahramani and R. J. Loy [3], a Banach alge-
bra A is approximately amenable if for each Banach A-bimodule X and each
continuous derivation D : A → X∗ there exists a net {xν} in X
∗ such that
D = limν adxν in the strong operator topology. By Theorem 2.1 from [3], A is
approximately amenable if and only if it satisfies a condition similar to con-
dition (ii) from Corollary 3.3 with uniform convergence replaced by pointwise
convergence.
We end this section with an application to locally compact groups. Let G be
a locally compact group with left Haar measure µ. If f is a function on G, then
for each x ∈ G we denote by xf the function defined by xf(y) = f(xy) (y ∈ G).
We endow C with the right Banach L1(G)-module structure determined by the
homomorphism
L1(G)→ C, a 7→
∫
G
a(s) dµ(s).
Using the canonical isomorphism L1(G)∗ ∼= L∞(G), we consider L∞(G) as a
right Banach L1(G)-module. It is easy to check that for each f ∈ L∞(G) and
each a ∈ L1(G) we have f · a = a˜ ∗ f , where a˜(x) = ∆(x−1)a(x−1) and ∆ is
the modular function on G.
Corollary 3.4. Let G be a locally compact group. Then G is amenable if
and only if there exists a net {mν} in L
∞(G)∗ such that mν(1) → 1 and
mν(xf)−mν(f)→ 0 uniformly on G and on bounded subsets of L
∞(G).
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Proof. The “only if” part is clear. Conversely, let {mν} be a net with the
indicated properties. We claim that {mν} is a uniform approximate morphism
from L∞(G) to C. Indeed, for each f ∈ L∞(G) and each a ∈ L1(G) we have
|mν(f · a)−mν(f) · a| =
∣∣∣∣mν
(∫
G
a˜(x)(x−1f − f) dµ(x)
)∣∣∣∣
=
∣∣∣∣
∫
G
a˜(x)mν(x−1f − f) dµ(x)
∣∣∣∣
≤ ‖a‖ sup
x∈G
|mν(x−1f − f)| → 0
uniformly on bounded subsets of L∞(G) and L1(G). Therefore {mν} is a
uniform approximate morphism from L∞(G) to C.
Define a linear map i : C → L∞(G) by i(1) = 1. Clearly, i is an admis-
sible monomorphism in mod-L1(G), and mνi → 1C. Since L
1(G) is pro-
jective in L1(G)-mod (see [5, IV.2.17]), it follows that L∞(G) is injective in
mod-L1(G). Now Theorem 2.7 (vi) implies that C is injective in mod-L1(G).
By [5, VII.2.33], this is equivalent to the amenability of G. 
4. Homological dimensions
In this final section, we generalize Proposition 2.3 and Corollary 2.4 to higher
Ext-groups.
Let A be a Banach algebra. Recall that the projective homological di-
mension (respectively, the injective homological dimension) of X ∈ A-mod
is the least integer n with the property that Extn+1A (X, Y ) = 0 (respectively,
Extn+1A (Y,X) = 0) for each Y ∈ A-mod. The weak homological dimension of
X ∈ A-mod is the least integer n with the property that Extn+1A (X, Y
∗) = 0
for each Y ∈ mod-A. The projective (respectively, injective, flat) homologi-
cal dimension of X is denoted by dhAX (respectively, inj.dhAX, w.dhAX).
Obviously, w.dhAX = inj.dhAop X
∗ for each X ∈ A-mod. Note that X is
projective (respectively, injective, flat) if and only if dhAX = 0 (respectively,
inj.dhAX = 0, w.dhAX = 0).
For a Banach algebra A, the numbers dbA = dhAe A+ and w.dbA =
w.dhAe A+ are called the homological bidimension and the weak homologi-
cal bidimension of A, respectively. Note that A is contractible (respectively,
amenable) if and only if dbA = 0 (respectively, w.dbA = 0).
Proposition 4.1. Let A be a Banach algebra and let X ∈ A-mod.
(i) Suppose that the topology on Extn+1A (X, Y ) is trivial for each Y ∈ A-mod.
Then dhAX ≤ n.
(ii) Suppose that the topology on Extn+1A (Y,X) is trivial for each Y ∈ A-mod.
Then inj.dhAX ≤ n.
(iii) Suppose that the topology on Extn+1A (X, Y
∗) is trivial for each Y ∈
mod-A. Then w.dhAX ≤ n.
Proof. (i) Take an admissible sequence
0→ Z → Pn−1 → · · · → P0 → X → 0
APPROXIMATE CHARACTERIZATIONS OF PROJECTIVITY AND INJECTIVITY 11
with P0, . . . , Pn−1 projective. A standard argument (cf. [5, II.5.4]) shows
that Extn+1A (X, Y )
∼= Ext1A(Z, Y ) for each Y ∈ A-mod, the isomorphism being
topological by Lemma 2.1. By Proposition 2.3 (i), Z is projective. Therefore
Extn+1A (X, Y )
∼= Ext1A(Z, Y ) = 0 for each Y ∈ A-mod, i.e., dhAX ≤ n, as
required.
(ii) Take an admissible sequence
0→ X → I0 → · · · → In−1 → Z → 0
with I0, . . . , In−1 injective. Then the same argument as above shows that Z is
injective. Therefore Extn+1A (Y,X)
∼= Ext1A(Y, Z) = 0 for each Y ∈ A-mod, i.e.,
inj.dhAX ≤ n, as required.
(iii) This follows from (ii) applied to X∗ ∈ Aop-mod. 
Corollary 4.2. Let A be a Banach algebra.
(i) Suppose that the topology on H n+1(A,X) is trivial for eachX ∈ A-mod-A.
Then dbA ≤ n.
(ii) Suppose that the topology on H n+1(A,X∗) is trivial for each X ∈
A-mod-A. Then w.dbA ≤ n.
Acknowledgments. The author is grateful to H. G. Dales, F. Ghahramani
and A. Ya. Helemskii for valuable discussions.
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